Quantum entanglement plays an important role in quantum information theory. In the case of bipartite pure entangled states, various forms of entanglement are interchangeable by entanglement concentration and dilution. While entanglement concentration does not need any classical communication asymptotically, dilution has been considered to do. In this paper I present a new dilution scheme that can be performed without any classical communication asymptotically. This implies entanglement is a truly interchangeable resource in quantum information, in the sense that we can manipulate bipartite entanglement by local operations alone (without classical communication) in the asymptotic limit. Furthermore this true interchangeability indicates that a entanglement measure for bipartite pure states is completely independent of the distance between two systems. * morikosh@particle.sci.hokudai.ac.jp 1
I Introduction
new dilution procedure presented in this paper needs no classical communication asymptotically.
In the following sections we will see how this new dilution procedure works. First in section II we review bipartite pure entangled states briefly and define the notation. Then a new dilution scheme is given in section III. Finally the implication of the result is discussed in section IV.
II Bipartite pure-state entanglement
In this paper we consider only bipartite pure entangled states. Although we deal with only entangled states of two qubits in order to make the following argument clear, the result discussed below is easily generalized to bipartite pure entanglement of higher dimensional states.
An arbitrary bipartite pure state is described by Schmidt decomposition as
where a and b are real non-negative numbers and satisfy a normalization condition a 2 + b 2 = 1. One of the most useful entangled states is a Bell pair
Suppose two qubits A and B are possessed by Alice and Bob, respectively. They can perform novel communication with the assistance of a Bell pair. For example, in quantum teleportation Alice can send an unknown quantum state to Bob only by local operations and classical communication if they share a Bell pair in advance. In superdense coding, with the assistance of a Bell pair, Alice can send two bits by performing local operations and sending only one qubit. For more detailed illustrations of these entanglement-assisted communication, see [1, 2] .
The quantity of entanglement contained in the state |ψ AB [eq. (1)] is uniquely measured by entropy of entanglement, the von Neumann entropy of Alice's density matrix ρ A = tr B (|ψ AB AB ψ|) (or Bob's density matrix ρ B ),
The amount of entanglement of a Bell pair gives the unit of this measure: E(|φ + AB ) = 1. From the viewpoint of the quantity of entanglement, |ψ AB is equivalent to E(|ψ AB ) of Bell pairs. Actually this "equivalence" is described in the following manner. If Alice and Bob share n copies of the state |ψ AB , they can transform the state (|ψ AB ) n into (|φ + AB ) nE(|ψ AB ) by local operations in the n → ∞ limit. In other words from the n copies of |ψ AB they can obtain nE(|ψ AB ) Bell pairs asymptotically. (It has been proved that they can't obtain more Bell pairs.) This procedure is called entanglement concentration. Though we do not deal with concentration procedure in detail, it is important here that no classical communication is needed. A full description of the explicit procedure of concentration is given in [3] .
Conversely, if Alice and Bob share nE(|ψ AB ) Bell pairs, they can convert this state into (|ψ AB ) n asymptotically. (They can not perform the procedure with less Bell pairs.) This procedure is called entanglement dilution. The ordinary dilution procedure is as follows [3] . First Alice prepares n copies of the state |ψ AC locally. Then she Schumacher compresses the system C [7] , which reduces the number of qubits containing meaningful quantum information in the system C from n to nE(|ψ AC ). Next she teleports these nE(|ψ AC ) qubits to Bob using previously shared nE(|ψ AC ) Bell pairs. Finally Bob Schumacher decompresses the system B that is now in the same state as the system C was before teleportation. In the asymptotic limit this process successfully produces the state (|ψ AB ) n between Alice and Bob with arbitrary good fidelity.
However, this dilution process contains classical communication due to quantum teleportation. In the next section we will see a new dilution scheme that needs no classical communication.
III New dilution procedure
The state that Alice and Bob want to obtain is
Expanding the right hand side of eq.(4), we find 2 n terms in total. But from the law of large numbers, only n na 2 terms with the amplitude a na 2 b
survive in the asymptotic limit, while the rest does not yield a finite contribution. Due to the fact that the combinatorial factor becomes asymptotically
and the normalization condition of the state(4), these 2 nE terms in the right hand side of eq.(4) have the same amplitude 1 √ 2 nE in the n → ∞ limit. Therefore we can rewrite eq. (4) as
where {|t(i) } is a set of mutually orthogonal n-qubit states that represent typical sequences of 0s and 1s occurring with probabilities a 2 and b 2 , respectively. This means that (|ψ AB ) n is a maximally entangled state of the 2 2nE(|ψ AB ) dimensional subspace in the 2 2n dimensional Hilbert space asymptotically.
Since the state (|ψ AB ) n has been proved to be merely a maximally entangled state in the n → ∞ limit, we can easily obtain this state from nE(|ψ AB ) Bell pairs.
We deal with the case where nE(|ψ AB ) equals to an integer for simplicity. First Alice and Bob prepare nE(|ψ AB ) Bell pairs (|φ
where |i is a nE-qubit state that represents the number i in the binary notation. Then they append an appropriate number of ancillae (i.e. n(1 − E) of |0 's) to each system, and perform local unitary transformations that map each |i into |t(i) , respectively. This unitary transformation is just a permutation of bases in a 2 n dimensional space. (It is not essential here whether this transformation can be constructed efficiently.) Though we do not use Schumacher compression explicitly in this scheme, this transformation plays a similar role to Schumacher decompression. Therefore Alice and Bob have succeeded in sharing the state (|ψ AB ) n between them without any classical communication. In the case where nE(|ψ AB ) is not an integer, considering many batches of (|ψ AB ) n as in the entanglement concentration procedure stated in [3] , we can accomplish this dilution scheme successfully.
In a finite case, eq. (4) is not a maximally entangled state. But in the n → ∞ limit, the right hand sides of eq.(4) and eq.(6) coincide with arbitrary good fidelity, which is the key of this new dilution scheme. We can convert any maximally entangled states each other only with local unitary transformations. It is essential for this new dilution scheme that the Schmidt decomposition is symmetric between Alice and Bob.
IV Discussion
The entanglement dilution procedure presented in this paper needs no classical communication. We can dilute entanglement by local unitary transformations alone in the asymptotic limit. Combining this result with the fact that entanglement concentration also contains no classical communication, we can transform arbitrary bipartite pure entangled states one another without any classical communication in the asymptotic limit. Therefore the notion "ebit" is established as a quantum information resource independent of classical one.
This result has a significant implication for the foundation of the entanglement measure. Entanglement is a quantum information resource in a distributed form. So no matter how far apart Alice and Bob are, it does not disappear. Therefore it is desirable that we can define a entangled measure independent of the distance between Alice and Bob. The entanglement measure for bipartite pure entangled states [eq. (3)] does not contain the distance explicitly. But if we need classical communication to establish the entanglement measure, a subtle problem arises as follows.
Suppose that Alice and Bob are far apart and do not know the new dilution scheme presented here. In this situation, while they can concentrate entanglement almost instantaneously (i.e., they need only the time to perform local unitary transformations), it takes a long time to dilute entanglement owing to classical communication. (Classical information can not travel faster than light, of course.) This means that it depends on the distance between them whether they can complete a dilution procedure in a given time. If they are very far apart and can use only a limited period of time, the reversibility between concentration and dilution is not realized even in the asymptotic limit. An extreme example is that if they are infinitely apart, they can concentrate instantaneously but can not dilute forever. Since it depends on the distance between them how long it takes to perform reversible manipulations of a definite amount of entanglement, the concept "ebit" must be associated with another physical resource "time". In other words, the farther two systems are apart, the longer time it requires to attain the reversibility between concentration and dilution. The reversibility is crucial to define the entanglement measure [eq. (3)]. This implies the foundation of the entanglement measure must be associated with a time dependent on the distance between two systems. Thus in order to attain the reversibility that has no dependence on distance and time and define a unique measure for bipartite pure-state entanglement, classical communication should be removed. (In the case of mixed-state entanglement, it is anticipated that the amount of entanglement is not conserved during concentration and dilution processes, thus classical communication might be needed.)
However the new dilution scheme presented in this paper resolves this problem. Because it requires no classical communication, a dilution process can be performed almost instantaneously as a concentration process. Therefore concentration and this new dilution are truly reversible in the asymptotic limit, in the sense that the reversibility does not depend on the distance between Alice and Bob and a period of time to manipulate entanglement. Moreover these two procedures are exactly reversible from the point of view that they are completely reverse to each other in the asymptotic limit.
From this argument, the new dilution scheme enables us to establish bipartite pure-state entanglement as a quantum information resource completely independent of the distance between two systems.
Although we have discussed only bipartite pure-state entanglement so far, a limited class of multipartite pure-state entanglement can be treated in the same way. The Schmidt decomposable state such as
can be constructed from a cat-state
with local unitary transformations alone by simply extending the procedure given above to a multipartite case. However in the case of multipartite purestate entanglement, not only classical communication cost but also entanglement measure itself has not been fully understood.
In conclusion, entanglement dilution without classical communication has a theoretical importance in entanglement manipulations. This new dilution scheme makes it possible to establish bipartite pure-state entanglement as a quantum information resource independent of not only a classical one but also the distance between two systems. Therefore we can transform bipartite pure-state entanglement by completely local action without loss of entanglement in the asymptotic limit. Whether the general multipartite pure-state entanglement has the same property or not remains as an open question.
